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Abstract

We define a generalized (q; «, B, y; v)-deformed oscillator algebra and find
its structure function of deformation. This algebra includes many other
deformations as special cases. We give the classification of irreducible
representations of the algebra. We extract the deformed oscillator with discrete
spectrum of its ‘quantized coordinate’. We find the eigenvalues of this operator
and show that the corresponding eigenfunctions are expressed in terms of the
g-deformed (generalized) Hermitian I polynomials. The asymptotic behavior
of the energy levels, dependent on the deformation parameters of the oscillator,
is determined.

PACS numbers: 02.20.Uw, 03.65.G, 03.65.Fd, 05.30.Pr

1. Introduction

The investigation of one-parameter deformed oscillator algebras in theoretical physics
originated from the study of the dual resonance models of strong interactions [1]. The g-
deformed analog of the harmonic oscillator was introduced in the well-known papers [2, 3].

In quantum field theory situations often arise where a change of the canonical commutation
relations is required. The physical motivation of the study of deformed boson and fermion
quanta is connected with the hope that the deformed oscillators in nonlinear systems will play
the same role as the usual oscillator in the standard quantum mechanics.

The different variants of deformations of the commutation relations arise in the description
of the systems of particles with continuous interpolating (Bose and FEinstein) statistics,
the theory of fractional quantum Hall effect, high 7, superconductivity . The g-deformed
oscillators are used widely in molecular and nuclear spectroscopy.
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In parallel with the g-deformed commutation relations the two-parameter (p, q)-
deformatoin of these relations has been introduced in [4, 5]. The connection (p, g)-deformed
oscillator algebra with (p, ¢)-hypergeometric functions has been established in [6].

Various generalizations of this deformation were considered by number of authors in the
forthcoming period.

The two-parameter deformed boson algebra invariant under the quantum group SU,, /4,
(‘Fibonacci oscillator’) was studied in [7]. The multi-mode generalization of this algebra
describes the two-parameter deformed boson gas. It shows Bose—Einstein condensation for
low temperatures in the interval g > g; > 0 [8], whereas for the value of g7 + ¢3 ~ 4.16 it
behaves as a fermion gas for high temperatures.

In the phenomenological description of the particle physics the unusual behavior of the
intercepts (or the strength) of the deformed bosons correlation functions within the g- and
(pg)-Bose gas models have been studied [9, 10]. While the intercept of the two-particle
correlation function is well described within the g-Bose gas model, the intercepts of n-order
correlators require essentially the (pg)-Bose gas model description.

The multi-parameter deformed quantum algebras have been used in [11] to construct the
integrable multi-parameter quantum spin chains. It is natural that the increase of the number
of deformation parameters makes the method of the deformations more flexible. Although any
multi-parameter deformed quantum algebra may be mapped onto a standard one parameter
deformed algebra [12, 13] the physical results in both cases are not the same.

One of the methods of the construction of multi-parameter deformed oscillator
algebras is the (¢; «, B, y)-deformation of the one-parameter g-deformed oscillator algebras
[14, 15].

The attractive properties of this deformation turn out to be useful in the area of nonlinear
quantum optics and condensed matter physics. Nonlinear vector coherent states of the
f-deformed spin—orbit Hamiltonians became the focus of attention of recent research. In
[16] these states have been constructed for the (p, ¢; «, 0, /)-deformed oscillator algebra [17].

The Hamiltonian of the electromagnetic monochromatic field in the Kerr medium [18]
is embedded in the algebra of the four-parameter deformed oscillator [19]. This gives the
complete description of the energy spectrum of this system. Furthermore, the modified
oscillator algebra [20] has found applications in the study of the integrability of the two-
particle Calogero model [21]. This algebra has been generalized to the Cj -extended oscillator
algebra [22]. Formalism of generalized modified Sy-extended oscillator algebras turned out
to be relevant for solution of the many-anyon problem in 2+1 dimension [23].

With the hope to exploit such deformations for construction of new integrable models the
‘hybrid’ model [24] of the modified [20] and g-deformed [2, 3] oscillator algebras has been
proposed.

To complete this cycle of ideas we consider the generalized (g; o, 8, y; v)-deformed
oscillator algebra as ‘the synthesis’ of the (q; «, 8, y)-deformed [14, 15] and v-modified
oscillator algebras [20].

In section 2 some of the g-deformed oscillator algebras are placed in the order of their
complication. In section 3 we find the structure function of (¢; «, 8, y; v)-deformed oscillator
algebra. We show that this algebra is embedded into the deformed C,-extended oscillator
algebra [22]. In section 4 we give, following [22, 25], a classification of the representations of
this algebra. In section 5 for the special choice of the deformation parameters of the algebra
we study the oscillator [26] with the discrete spectrum of its ‘quantized coordinate’ Q. This
operator is represented by a Jacobi matrix. We find the eigenvalues and eigenfunctions of
this operator. The eigenfunctions are expressed by the (generalized) discrete g-Hermite I
polynomial [27]. In section 6 we represent the Hamiltonian of this model as a function of the
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number operator and study its asymptotic energy spectrum behavior. Section 7 is devoted to
discussion of these results and their possible applications.

2. The oscillator algebra and its generalized deformations

The oscillator algebra of the quantum harmonic oscillator is defined by canonical commutation
relations
[a,a]l =[a*,a*] =0, [a,a*]=1, [N,a] = —a, [N,a"1=a". (1)

They allow for different types of deformations. Some of them have been called generalized
deformed oscillator algebras [14, 28-30]. Each of them defines an algebra generated by
elements (generators) {1, a, a*, N} and relations

[N,a] = —a, [N,a]=a", ata = f(N), aa* = f(N +1), )

where f is called the structure function of the deformation. Among them—the multiparameter
generalization of one-parameter deformations [14, 15, 17, 19, 22, 24, 26, 30].
Let us recount some of them.

1. The Arik—Coon g-deformed oscillator algebra [1]

aa* —qata =1, [N,a] = —a, [N,a*]=a", q € Ry,
1—qg" 3)
f(n) = .
l—g¢q
2. The Biedengarn—Macfarlane g-deformed oscillator algebra [2, 3]
aa* —qata=q7", aat —q 'a*a = q", [N,a]l = —a, [N,a"] =a",
qn _ q—n
fn)=——"= q € R,.
q—4q
4)
3. The Chung—Chung—Nam-Um generalized (g; o, B)-deformed oscillator algebra [14]
aa™—qgata=q*N*P, [N,a]l=—a, [N,a"]1=a", q € Ry, a, B R,
4" —4q .
g .0 a#l 5)
fn) = q9* —q
ng"~*#, if a=1.
4. The generalized (q; o, B, y)-deformed oscillator algebra [15]
aa*—q'ata=q*N*, [N,a]l=—a, [N,a*1=a", g €R,, 0,8,y €R,
ﬂqrxn _ qyn )
q" if oy (6)
f(n) = q* —q""
ng" 18, if a=y.
5. The v-modified oscillator algebra [20, 21]
la,a*]=1+2vK, [N,a] = —a, [N.a"]=a",
aK = —Ka, a*K = —Ka", K*=1, veR,
(7
2k+1+2v, if n=2k
fn) = .
2k + 2, if n=2k+1.

This oscillator, as it has been shown in [21], is linked to the two-particle Calogero model
[31].
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6. The deformed C; -extended oscillator algebra [22] is defined by the relations
A—1
[a,a+]qEaa+—qa+a:H(N)+K(N)kaPk, [N,a]l=—a, [N,a*1=a",
k=0
aK = —Ka, a*K = —Ka", K*>=1, v € R, (8)
where v, € R and H(K), K(N) are real analytic functions. This algebra permits the two
Casimir operators C; = e*™" and C, = Zz;(l) e ZTiN=R)/A p .
7. The new (g; v)-deformed oscillator [24]

aa* —qga*ta = (1+2vK)q™", [N,a] = —a,

[N,a*]=a", Ka = —ak, Ka" = —a*K, K?>=1, )
n__ ,—n n __ _1 n,—n

Fn) = <q 97 91 ( zlq )
q9—49 q+q

has been defined by the combination of the idea of Biedenharn—Macfarlane [2, 3] g-
deformation with the Brink, Hanson and Vasiliev idea [21] of the v-modification of the
oscillator algebra.

8. In order to complete this cycle of ideas we consider a (g; «, B, y; v)-deformed oscillator
algebra—‘hybrid’ of the (¢; «, B, y)-deformed (6) and the v-modified (7) oscillator
algebras—or, more exactly, an oscillator defined by the generators {/, a, a*, N, K} and

relations
aat —qg’a*a = (1+2vK)qg*N*P, [N,a] = —a, [N,a*] =a", 10)
Ka = —a, Ka* = —-a*K, [N,K]=0, N* =N, Kt =K,

where g € R, o, 8 € R, v € R — {0}. The oscillator algebra of this model unifies all
deformations 1-7 of the oscillator algebra (1).

3. Generalized (q; a, 3, v; v)-deformed oscillator algebra and its simplest properties

(a) (q; o, B, v; v)-deformed structure function. Description of a deformed oscillator algebra
requires the determination of the deformation structure function f(n).
Equations (2) and (10) imply the recurrence relation

f+1) —q" f(n) = 1 +2v(=D)")g“"*. (11)
Its solution is obtained by the method of mathematical induction
0. f(1)=gq"f(0)+(1+2v(=1)")g*"*";
L. fQ=q"fD)+1=20(=1)"Hg""" = [¢% f(0) + (1 +20(=1)°)q" ¢****
+(1 = 2v(=1)"Hg*"*?;
2. fB)=q"fQ@+ 1 =20(=D)g"* =g f(0) + (1 +2v(=1)")g* q“%**
+(1=20(=D)"g" g + (1 — 2v(=1)*)¢****;
3. f@) =q"fB3)+ 1 +20(=DHg** =g f(0) + (1 +20(=1)")g”" ¢***F
+(1=20(=D"Hg? g + (1 = 2v(=1)%)g" ¢“**F + (1 + 2v(—1)*)g***;

n—1

n—1
n. f(n) — qny f(O) + Zq}/(nfkfl)qalﬁﬁ +2p qu(nfkfl)(_l)kqakﬂs”
k=0 k=0



J. Phys. A: Math. Theor. 42 (2009) 065201 I M Burban

The solution of equation (11) with the initial value f(0) is given by the following formula:

yn __ on yn _ (—1)tgon
F(0)g"" + 4" (q AP i Sl A ) if aty
qv —q* q” +q*
fn) = - (1) (12)
FO)g"" +ng? =D 4 2ygr (1= D+E (—2 ) , if a=y.

(b) Positivity of (q; o, B, y; v)-deformed structure function. We try to define the values of the
parameters {«, B, y, v}, where function f(n) is positive.

The inequality
yn _ on rn _ (—_1)tg*n
A NP Lt Gl Vi (13)
q” —q* qr +q“
can be rewritten as
(g™ “”)( ! +2v ! )>0 (14)
9 —4q
q” —q* q¥ +q*
for even n, and
Yo g gY 4 g%
A . L. S, N (15)
q"" +q*" 97 —q*
for odd n.
This implies that
1+2v >0 (16)
ifg>1,y—a>0@<1,y —a <0), and
V+ o
Q<< L9 (17)
q’ —q“

ifg<l,y—a>0@g=>1,y —a<0).
The conditions (16) and (17) are sufficient to ensure that the Fock representation of
relation (10) has the Hermitian properties.

(c) Useful formulae. The following formulae will be useful for the study of this algebra. One
of them is

a@h —q""@"'a = [n:a, y; vK]@)" ' q*N*P, (18)
where n > 1, and the other one
yn __ ,an YR _ (—1)tg¥n
<u+21)[(u>’ if o #y;
q” —q° q” +q*
[n; 0, y; VK] = | N (19)
ng®" = 4 20K gV (—_ (2_ ) ) , if a=y

is deduced by the method of mathematical induction.
Indeed, for n = 1 relation (18) is true by definition. The assumption that it is true for
some n implies
{a(@)"™! = a(@'a* = (¢"(@")'a+n; @, y; vK1(@)" "' g*N*F)a*
- qyn (a+)naa+ + (a+)” [n; o,y _UK]qa(N+1)+ﬂ
= f]y"(a+)"(qya+a +(1+ 2‘)K)an+ﬂ) + (a+)"[n; o, y; _VK]qa(N+1)+,3
= """ V(@) Va+q" @) (1 +20K)g"N P + ¢ (@) [n; @, y; —vK g

The direct calculations leads to (18).
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The second formula gives the generated function for [n; «, y; VK]:

1 1
N ] zy <1 a+2”K1+a>’ if a#y
Z[n;a,}/;VK]an CIZZ q-z . q-z2 (20)
n=0 m +2UKW, if o= Y.

(d) Deformed C,-extended and (q; «, B, v; v)-deformed oscillator algebras. The defining
relations of the deformed C,-extended oscillator are given by

[N7a+]:a+v [vak]=O9 a+Pk:Pk+ICl+, P1+P2=I, (21)
PP = 6 Py, aa® —qg’a*a=H(N)+v(E(N +1)+g”E(N))(Py — Py),

where g, v € R, k,l = 1,2, and E(N), H(N) are real analytic functions. As we saw above
the deformed extended oscillator algebra C;, permits the two Casimir operators Cy, C». In case
of the C,-extended oscillator algebra they have the form

Cl — eZ]TiN’ C2 — 22:0 6727'[i(N7k)/2 — eiJTNK- (22)
Let us define the operator
C3=q "M(D(N)+vE(N)K —a*a), (23)

where D(N), E(N) are some analytic functions of N. The operator C; will be the Casimir
operator of the oscillator algebra (21) if the only one condition [C3, @] = 0 holds. It amounts
to determination of the solution of the equations

D(N +1) —q"D(N) = H(N), E(N + DBt —q" E(N)Be = K(N) vy, (24)

where vp = —v; = 1,60 = 0,6, =0, 8 = v, k = 0, 1. Substituting the solution
E(N) = 2g*N*B/(q” + q%) of equation of (24) and H(N) = ¢*¥*# in (21), we obtain the
commutation relations of the (g; «, B, y; v)-deformed oscillator algebra (10). Moreover, the
solution

yN _ ,aN yN
g (q T 40, 1 ) if y#a
D(N) = q" —q* q¥ +q*
q%(q"™ "N +vg ) if y=a

of the first equation (24) gives the explicit form of the Casimir operator
yN _ jaN YN _ (—1)NgaeN
- g vV ((q 4 40,9 =D7q )qﬁ —a+a> if a#y
C3= q9” —q* q” +q*
g VNN +v(1+ (=DM)g""* —a*a) if a=y.

(25)

4. Classification of representations of the unified (g; o, 3, 7v; )-deformed
oscillator algebra

As it has been shown in the previous section the (q; «, 8, y; v)-deformed oscillator algebra
allows for a nontrivial center which means that it has irreducible non-equivalent representations
[32, 33]. We give a classification of these representations by a method similar to that in the
articles [25, 34].

Due to relations (10) there exists a vector |0) such that

a*al0) = Aol0), aa™|0) = 00), N|0) = x0[0), K10) = we™7|0),

6
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where w is the value of the Casimir operator C, on the given irreducible representation. By
using formula (18) we find that vectors

_ [ @m0y, if n>0
In) = {(a)"|0), if n<0 (26)
are eigenvectors of the operators a*a and aa*
a*aln) = hyln), aa®n) = pyln).
Let us define a new system of the orthonormal vectors {|n)}1=>°_, by
" —172
(]"[ m) @*y"10), it n>0
k=1
ny=9 e (27)
(]‘[ ,\m) (a)™"]0), if n<O.
k=1
Then relations (10) are represented by the operators
a+|n)zvkn+1|n+1), aln) = /Ayln — 1),
(—1)" (28)
Nin) = (20 +n)|n), Kin) = > Bin),

where B = 2vwe~ "% ¢ R. Due to non-negativity of the operators a*a, aa* we have A, > 0
and u, > 0. By using (10), we find (28) and when A, = u,_; we obtain the recurrence
relation

Anst — q¥ g = (L + (=1)"B)g*"0*h (29)

Taking into account relation (12) the solution of equation (29) can be represented by

yn _ ,on v _ (—1)rgen
rog?" + qoﬂfo+ﬁ (qqy — Z"‘ + Bq qV(+ q‘))‘ g ) , if a#vy;
An = (30)
1—(—=1)"
)Loqyn +nqy(n+k0—l)+ﬂ + Bq;/(n+}t0—1)+ﬂ (%) . it a=y.

Equivalently, using the expression of the Casimir operator (25) and the representation
(28) the solution A, of equation (29) can be presented by means of the eigenvalue c3 of the
Casimir operator Cj in irreducible representation of relation (10)

y(n+xg) _ o(ntxy) y(n+xp) __ — 1)t a(n+xy)
—q""c3 +q” (q 4 +20? (=D)™q ), if o#y;
- q’ —q” q’ +q*
n =
1—-(-D)"
)“qunc3 +nqy(n+%071)+ﬂ + qu(n+%071)+ﬂ < (2 ) > i if o= y.

€19

It is easy see that A, in (30) coincides with the value of (31), where B = (—1)*2v.
According to [22] representations of the generalized oscillator algebra are reduced to the
four classes of unireps:
1. Representations bounded from below. They are defined by (28) and n; € Zo such
that
An, =0 if npef...,—2,—-1,0}
)L"_{)»n>0 if ne{m+1,n+2,...} (32)
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(1) Let A, be defined by formula (30) for y —a = 0, ¢ > 0. The non-negativity of A, implies
dn = Ao +nq7/(k0—l)+ﬁ + qu(ko—l)+ﬁ <1 — (_1)n> >0 (33)
n 2 = .

From this one finds (32), and due to (28) a|n;) = 0.
After possible renumbering of vectors |n) we obtain a|0) = 0 and due to (28) one
gets Ag = 0. Therefore the representations are given by formulae (28) with

2

where n > 0. The arbitrary values of the parameter »y, and B > 0 correspond to
non-equivalent representations of (10).
(i) Let 1, be defined by 30) fory —a > 0,9 > l(y —a¢ < 0,0 < g < 1).
The assumption of the positivity of at least one of the numbers ﬁ + # and the
non-negativity of A,

1 B 1 —1)"B
hog @B 4 n > g~ r—on + =D (35)
q" —q* q¥V +q* q" —q* q’ +q*

for n > 0 implies (32), and due to (28) a|n;) = 0.
After possible renumbering of the vectors |n) we obtain a|0) = 0 and due to (28) one
gets Ao = 0. Therefore the representations are given by (28) with

Ay = g <1 —q | LoD m) , n=0. (36)
q’ —q q’ +q*
The non-negativity condition for X, implies B > —1. The arbitrary values of the parameter
x9, and Ag = 0 and B > —1 defined non-equivalent infinite-dimensional representations
of (10).
(iii) Let 1, be given by (30) fory —a > 0,0 <g < l(y —a <0,g > 1).
It can be represented by

)‘«n — qomo+/3+yn {(Aoq—(a)ﬁﬂ) + 1 + B )
q’ —q* q"+q”
1 —-1)"B
— g o ( Al ) } : (37
q’ —q* q¥+q"

The non-negativity of A, > 0, negativity of (Aoq’(“’”ﬂ) + qqun + ﬁ) < 0, and the
non-positivity of ( L+ ((;'Jr)”f ) implies (32) and a|n;) = 0. The same arguments as in the
items (i), (i) give a|0) = 0 and due to (28) Ao = 0. Therefore the representation is given by
(28) with A, as in (36). The non-negativity condition for X, gives a restriction for possible
values of B

Ay = nqy(n+}tofl)+ﬂ + qu(l‘l+k’0*1)+ﬂ <ﬂ> , (34)

q” +q°

qv +q°
The arbitrary values of the parameter »y, and —1 < B < —Z;:ZZ and A9 = O distinguish
irreducible representation of relations (10).

2. Representations bounded from above. They are defined by formulae (28) and n, € N
such that

~1<B< (38)

An, =0 if nyef{l,2,3,...}
Ap = ?
" {An>0 if ne{nyg—1,n,-2,...}. (39)
Let A, be given by formula 30)0 < g < 1, (¢ —y) >0 (g>1,(0¢—y) <0)and
both values —— + —E_ are non-positive (at least one of them must be strictly negative).

q7—q* q7+q“

8



J. Phys. A: Math. Theor. 42 (2009) 065201 I M Burban

The non-negativity condition A, > 0 implies the existence of n, such that (39) holds. From
formulae (28) we obtain a*|n;) = 0, and after possible renumbering we may assume that
a*|0) = 0, and due to (28) A; = 0.

The formula (33) implies Ay = —g®**#~7 (1 + B). The condition Ay > 0 is equivalent to
B < —1.1Itleads to

1— (x—y)n 1— (x—y)n —1"

A, = qau0+,8+yn q _ q*)’ +B i A S =D — qu >0, 40)
q’ —q* q” +q°

n < 0. Therefore the representation is given by formulae (28) with A, as in (40). If B < —1

the non-negativity condition for A, gives a restriction for possible values of B

Y + g%
<177 (41)
q” +q*
The arbitrary values of parameter xy and g = —q****~7(1 + B), B < L+ distinguish

Y4+g%
irreducible representation of (10). o

3. The finite-dimensional representation. They are defined by formulae (28) and
nyef...,—2,—-1,0},,n, € {1,2,3,...} such that

xnz{k"‘ =, =0 it naefl,2,3,..,n€f...,—2,—1,0)

. 42
Ay >0 if ne{n1+1,n1+2,...,n2—1}. “42)

(i) One-dimensional representations. These representations are given by formulae (28) with
A, calculated from (36), (37) and (40) at B = —1

o g (4724 4" = (D' @)
q’ —q” q” +q*
In this case n; = O(n; = —1) and n, = 1(n, = 0) and the representations (28) are
defined by
+ 1
a=a =0, N = x, K=——. 44)
2v

These representations are one dimensional. They are parametrized by x.
(ii) Two-dimensional representations. Let X, be defined (30) for y —a > 0,0 < ¢ <
1,(y —a < 0,9 > 1). The values of A,,n > 0 in (37) are non-negative if we assume

(hog =P + qqua + ﬁ) = 0 and both values (qqua + (‘;Vl:;f ) are non-positive. At

@

B = + 2% we obtain
9'—q
qa(%0+n)+ﬂ
A= ———(1 £ (=D"). (45)
q* —q”
The value A, = q;f(’j;’f (1 + (—1)")) implies (42) for n; = —1,n, = 1 and Ag = f;{ff‘;*f .
The vector space of this representation is a span of the two-dimensional vectors
(%)
Vo
and due to (28) the representations are defined by
0 [ 2q**0*F N 0 0
a = q*—q” , a = 2g%%0+B ,
0 0 a7 0
(46)

— Y o
N = xo—1 0 ’ K:iq +q 1 0’
0 xo 2vg* —q7 \0 1
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These representations are distinguished by the arbitrary values »,, and B = £ 47 =

y qav
2qa(>¢o)+f3
q“—q7 "
quz(u0+n)+/5 n . .
The value A, = T (1 — (=1)") implies (42) for n; = 0,n, = 2. Moreover
_ zqn(x0+l)+ﬂ
A= Ty

The vector space of this representation spanned by the two-dimensional vectors

(+)

and due to (28) the representations are given by

O O 0 qn(x0+])+/3
a = g0 Dp s at = q*—q" s
T 0 0 0
47)

1 a” +g% /—
N = %o 0 ’ k- L4 +q 1 0 '
0 xo+1 2vg* —qg¥ \ 0 1
These representations are defined by arbitrary values of »y, and Ao = 0, B = q: f’

4. Unbounded representations. They are defined by (28) with A,, > 0 for all n e Z. As it
follows from (37) they are realized if 0 < g < 1, (¢ —y) >0(g > 1, (¢ — y) < 0) and

1 B Y+ g”
hog P + + >0, Bl < - L 19 (48)
qv —q% q*+q” q’ —q*
or
1 B Y 4+ g%
hog P 4 + >0, B =L 9 (49)
q’ —q* q*+q’ q’ —q”
Under the transformations
B — B ' =(-1)"B, wy — % = x+n,
yn __ Lan yn _ (—1)gen 50
)\.() — )\.6 = )\‘qun +qax0+ﬁ 1 l + Bq ( ) l ( )
q” —q* q” +q*
the conditions (48) and (49) are preserved
2yn __ ,2an 2yn __ ,2an
)\‘;l — )\‘Oqzyn +qo{}cg+ﬁ (q q + Bq q ) , (51)
q’ —q* q¥ +q*
’
)»z)q_a}d)_ﬂ + ! + B = q(y—a)n )\,Oq_ako_ﬁ + ! + B (52)
q’ —q* q*+q’ q” —q* q“+q”

and unbounded representations are transformed into themselves.

5. Spectrum of ‘quantized coordinate’ Q

According to the previous section if we put @ = 1,y = 0, in (36) we obtain the Fock
representation of relations (10)

Nln) = nin), Kin) = (=1)"|n),
q” —q° q” +q*

a*2n) = gP? <
2yn

2yn __ 2an _ 2an 12
at2n —1) = ¢?? 4 b 15,4 el |2n).
q’ —q” q’ +q*

qy(2n+l) _ qa(2n+l)

qy(2n+l)+qa(2n+l) 172
+2v ) 2n + 1), (53)

10
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The properties of the quantum harmonic oscillator are closely related to Hermite
polynomials.  Different g-deformed oscillators generate distinct g-deformed Hermite
polynomials and their generalization. Unlike the quantum harmonic oscillator, generalized g-
deformed oscillators frequently define the position and momentum operators with the discrete
spectrum, and their eigenfunctions are represented by means of a g-Hermite polynomials. For
some g-deformed oscillators this problem was studied in [35-37]. In [26] the generalized
g-deformed oscillators connected with the discrete (generalize) g-Hermite I and g-Hermite 11
polynomials have been build. In this section we show that corresponding oscillator algebras
of these models are embedded in the (¢; «, 8, y : v)-deformed oscillator algebra.

Let us consider the operator (‘quantized coordinate’) Q = a* +a, or

Qln) = ryln +1) +ruiln — 1), ra=fm+1). (54)
The self-adjointness and spectral properties of this operator is defined by polynomials
P, (x) of first kind for the Jacobi matrix Q.
Defining the generalized eigenfunction Q|x) = x|x), where |x) = Y 77 P,(x)|n), we
obtain the recurrence relation
FRO Py () + f12 0+ D P (x) = x Py (1), (55)

where P_;(x) =0, Py = 1.
In this section we consider the oscillator (10) for special choice of parameters

o =2a, y=2a+c—1 B=2a+b,v=0. (56)

To the end of this section the symbol ‘a’ is used to denote both the parameter deformation and
the annihilation operator. Its meaning will be clear from the context.
We obtain relation [26]

aa+ _ q2a+c—la+a — an(N+1)+b, (57)

or equivalent
aat — q¥ata = gD (DN (58)
which together with other relations of (10) form the corresponding oscillator algebra.
The self-adjoints of the operator (54) can be established by theorem 1.3 chapter VII in
[38]. For this purpose it is sufficient to prove the divergence of the series

oo

— = 00. (59)
The operator Q (54) is a symmetric one. If

oo
1
rn>os rn—lrn+1<r,%a Z_<OO~ (60)
rn
n=0
by theorem 1.5 chapter VII in [38] its closure Q is not a self-adjoint operator.
In our case the property r,, > 0, r,—1741 < r,% is satisfied automatically, therefore, the
self-adjointness of the operator Q are reduced to the proving of the convergence of the series
(60). We consider the case

a <0, c—1>0, divergent,
a >0, c—1>0, convergent,
-1
q <1, a+’ <0, ¢c—1<0, divergent, (61)
c—1

a+

>0, ¢c—1<0, -convergent.

11
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Equation (55) for this case takes the form

1/2
xP,(x; q) = ( ) g = g™ PP (x5 q)

1—¢q)

1 1/2 )
+ ( /) qa(n+l)+b/2(1 —q (n+l))l/2Pn+l (x’ q)’ (62)

l—gq
where ¢’ = ¢°'. Change and rescale of the variables y = (1 — ¢/)'/?x, P,(x:q) =
¥, (1 — ¢")'/%x; q) then it results in

a2 — g™ P (x q) + g (L — g™ P (x: ). (63)

xYn(x;9) =¢q
Representing ¥, (x; g) as

qan2/2

q(a+h)n/2 (CI q/)

we get from (63) the recurrence relation for the (generalized) discrete g-Hermite I polynomials
hn(x: q)

Yn(x; q) =

7731 (X3 q)

Xhy (x5 q) = hpat (63 @) + ¢ (1= g hy1 (x5 ). (64)
The solution of this equation is given by anzatz
& @)
hn(x; q) — ’ n (_ )k (2an+b)kq/k(k—n)xn—2k (65)
,g; ((an, cn); (1, ¢"))k
where a,, ¢,, d are unknown quantities. The notation
1 if k=0;
. N L 66
(@@, 0); (P, @)k {(a —O)ap —cq) - (aptt — eqt V), otherwise (66)

is used according to [39]. The substitution of (65) into (64) leads to the equation

1— q/n+l _ q2an+b(a —c q/d(k—l))q/—2(k—1) =1 q/n—2k+1‘ (67)
The solutions of this equation

a, = q—2an—hq/n—l’ Cp = q—Zan—bq/nH’ d+2 (68)
give the solutions of (64)

[n/2]

(4'59)n k_Qan+byk _sk(k—n) _n—2k
hn(x; q) = Z > ~ (_1) q( an+b) q ( n)xn ) (69)
= @ q"q" g )2

They can be represented in terms of the basic hypergeometric function as

/—n+1 ‘ 2an+b ., /n

h,1<x;q)=x"2¢o(q A q’z;u). (70)

_‘ x2

As it has been shown in [26] this solution at a = %, b = —1,c = 2 is reduced to discrete
g-Hermite I polynomials, and relations (57) (or (58)) are reduced to the equation of the
corresponding g-deformed oscillator.

The solutions P,(x; g) of equations (62) with the initial conditions P_;(x;q) =
0, Py(x; g) = 1 can be written as polynomials of degree n in x

/)mh (V1 —q'x;q). (71)

—an®

q
T’ q

Py(x;q) =

12
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Now we restrict ourselves by the condition @ = (¢ — 1)/2 in (71). Then

q - ’
Whg(q CaD2 /T —g'x: q). (72)
q59 )n

These polynomials are orthogonal with respect to the discrete measure
do(x) = —q—<24+b>m( "1q") o | x — —q/o dx
- 2 q>9 ) g—Qa+b) ST — ¢’
g PR YT=q'Ix| (=P (q*(1 - ¢)x* ¢'s 4D
= 2 (@39

—an(n—1)/2
Py(x;q) =

+

X 8 (x — q/k ) dx
g-Cab2 ST—g
Ly VT G = 05
= 2 (4590
8 <x + q" ) dx. (73)
g2 T =g

The orthogonality relation has the form

Sun 1 (4540
@:9"  2(@% 9%
+ 3 (Pu(@" D Pu(g™: @) + Pu(=q": @) Pu(—q": @)}

P,(1; q)P,(1; q)

k>0
q/k (q/2k+2’q/; q/z)oo(q/; q/z)oo
oy 2. 7 : (74)
2 (@74
It follows that spectrum of the position operator Q is
4 Qarb)2 4 Qatb)/2 0 L Qaxb)/2 k
spo = | =4 | a = 4 k=obl. @5
Vi-q  J1-¢ 1—¢'

6. Hamiltonian and energy spectrum of the (g; o, 3, v; v)-deformed oscillator

(g) Energy spectrum of the free (q; a, B, y; v)-deformed oscillator. In general, a Hamiltonian
H(a", a, N) of an oscillator is a function of the operators a*, a, N. As an example, we consider
the free standard Hamiltonian

ha)o
2
of the (¢; «, B, v; v)-deformed oscillator.

Due to the structure function of deformation the free Hamiltonian H of the (¢; «, 8, ¥; v)-

deformed oscillator in the Fock representation (53) can be written only as a function of the
number operator N

h YN _ _aN yN__lNotN
H:ﬂqﬁKq " 54 (=D )

h
H = {a*,a} = %(ucfr +a*a) (76)

2 q” —q* q7 +q~
y(N+1) _ a(N+1) Y(N+1) _ -1 (N+1) ,a(N+1)
+<q el + ol D" )} 7
q9” —q° q” +q°

13
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In order to study the spectrum and the nonlinear frequency of this oscillator, it is convenient
to use new parametrization

qg=ce", a=p—L, Yy =p+u. (78)
We have
E, = hao ot (Brom) sinh('tu(n +1)) e siflh(um)
2 sinh(t ) sinh(t )
Loy 1 — (=" (sinh(tu(n + 1)) e cosh(tun)
2 cosh(tw) cosh(tw)
Loy 1+ (—=1)" {cosh(tu(n+ 1)) e sinh(t un) ’ (79)
2 cosh(t ) cosh(tw)
or

£ = 0 cp)

1 +etH) etlptin 1 +etP—1) grlp—n
= e

2 sinh(tp) 2 sinh(zp)
I1—(-D"/1+ et(oti)  et(ptp)n 1 — etlP=1) gt(p—pn
% +
2 < 2 cosh(tw) 2 cosh(t ) )
1+ (=" <1 +etot)  et(ptp)n 1 — eflo=1) otlp—pin )}
2v .
2

It follows that the number of the energy levels is infinite, and the eigenvalues E, for
7 # 0,n — oo depend on the parameters «, y via the exponential factor e~ 1#D,
It is convenient to consider the eigenvalue E, of H for n even and odd separately

+2

- (80)
2 cosh(tu) 2 cosh(t )

E, = "0 ef(ﬁ”){ L+emPh) ettt 14t 0mit) eremi
= B%

2 2 sinh(tp) 2 sinh(zp)
1 +efP+n) oT(p+tmin 1 — etle—1) et(p—pin
+2v + (81)
2 cosh(t ) 2 cosh(tu)
for n odd, and
g = @ oT(-) 1 +efoti) orlp+in B 1 +efe—) gtlp—pn
2 2 sinh(t 1) 2 sinh(t )
1 4 etloti)  oT(o+pin 1 — eflp—1) otlp—p)n
Y i ¢ _=c © (82)
2 cosh(t ) 2 cosh(tu)

for n even. From this the spectrum of this oscillator is not equidistant and the spacing is equal

hwo sinh2ut

2 sinh(tw)
(h) Asymptotic behavior of the energy spectrum of Hamiltonian H.

According to the analysis given above, we have to give the estimation of the spectrum

of Hamiltonian (80) for the parameter —1 < 2v, if 7(y —«) > 0 and —1 < 2v <

coth(t(y — «)/2) if t(y — ) < 0. Three cases must be distinguished: t(p + |u|) >

0,7(p+Iuh <0,7(p+|ul) =0.
In special case © = 0, (@ = y = p) we have

Eyy1 — Eyy = ef(ﬂﬂ)) e2yrn. 83)

E, = F% PP+ )L +e ™)+ (=D"v(l —e ™) +1]. (84)

If (t(p+|un]) > 0and —1 < 2v, then from (80) it implies that the energy grows to infinity
with increasing 7.

14
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If (p + |u]) = 0, then in the case (o = u) we have

ha)() lepn -1 e2'i:p(n+1) -1 e2prn _ e2,07:(n+1)

E, = e™Pefr + +2v ) (85)
eTh — e TH eTh — e TH eth — e TH

The same holds for p + u = 0.
It follows that E,, monotonically increases to upper bounds that depends on parameters
hwy e"B—P)
Emax = T T -
2 sinht|u|

If (o + |]) < 0and —1 < 2v then the energies (81) and (82) at first increase and then
go to zero as n — 00. In the particular case © = 0 in (81) and (82) we have

h
E, = % "B (1 +e7) + 20 + 1},
for n odd and
ha)o T(B+pn) -1 -1
E, = Te P Un(l+e ™) +2ve ™ + 1)
for n even.

7. Conclusions

In this paper we have proposed the five-parameter (q; «, B, y; v)-deformation of the one-
mode oscillator algebra. We have calculated the structure function of this deformation. The
classifications of the irreducible representations are obtained.

We have extracted the deformed oscillator with the discrete spectrum of its ‘quantized
coordinate’ and the eigenfunctions, expressed by means of the g-deformed (generalized)
Hermitian I polynomials.

The asymptotic behavior of energy spectrum of the (¢; «, 8, y; v)-deformed Hamiltonian
has been analyzed.

The nonlinear vector coherent states of this oscillator algebra for the special values of the
deformation parameters have been constructed in [16].

Such algebras can be useful for the solution of the current problems in cosmology [40]
and, as pointed out in [41], for noncommutative quantum field theory.
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